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Abstract
In the presented study we investigated the second order endpoints of the lines of first order phase transitions which
emerge for the QCD in the heavy and light quark mass regime and for the three-dimensional three state Potts
model with an external field. We located the endpoints with Binder cumulants and constructed the energy-like
and ordering field like observables. The joint probability distributions of these scaling fields and the values of the
Binder cumulant confirm that all three endpoints belong to the universality class of the 3-dimensional Ising model.
1. Introduction
The spontaneous breaking of global symmetries
at low and their restoration at high temperature
are common features of quantum field theories and
statistical models. It is well known that universal
properties at finite temperature phase transitions
in (3+1) dimensional gauge theories are related to
those in 3-dimensional spin models [1].
In the presented study we investigated the pro-
posed connection between the SU(3) gauge theory
with two heavy quark flavors and the three state
Potts model with an external field [2] and in addi-
tion the physically more relevant case with three
light quark flavors [3]. In all three cases a first order
phase transition line emerges and ends in a second
order endpoint [4].
To determine the universality class of these end-
points its precise location is mandatory. Moreover,
observables which are sensitive to the universality
classes are needed. They are constructed using a
method originally proposed to study the liquid gas
transition point [5]. We extended this approach to
the more complex case of a quantum field theory.
2. The Potts Model
The 3-dimensional three state Potts model with
an external field is defined with the spin variables
σi ∈ {1, 2, 3} by
H=−β
∑
〈i,j〉
δ(σi, σj)− h
∑
i
δ(σi, σg) (1)
≡−βE − hM (2)
A non vanishing h > 0 favors the magnetization in
the direction of the spin σg. The partition function
on a finite lattice of size L3 is then given by
Z(β, h, L) =
∑
{σi}
exp(−H). (3)
The pseudo-critical line βpc,L(h) is defined by the
maxima of the susceptibility
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χL =
1
L3
(
〈M2〉 − 〈M〉2
)
A finite size analysis of χL leads to hc ∈
[0.0005, 0.0010] [2] which is not sufficient for a
precise location of the endpoint.
3. Quantum Chromo Dynamics
To simulate the QCDwe used the standard stag-
gered fermion action
SF (ψ, ψ¯, U,mq) =
∑
n,m
ψ¯(n)KKSnm (U,mq)ψ(m) (4)
with the fermion fields ψ, ψ¯ and the link vari-
ables Uµ(n) = e
−igaAµ(n)∈SU(3) in the staggered
fermion matrix
KKSmn (U,mq) = δnmmq +
∑
µ
(−1)n1+...+nµ−1
×
1
2
(
δn+µˆ,mUµ(n)− δn,m+µˆU
†
µ(m)
)
. (5)
For the gauge action we choose the standard Wil-
son plaquette action
SG(U) =
∑
x
∑
1≤µ<ν≤4
{
1l−
1
3
ReTrUµν
}
. (6)
Integrating out the fermion fields we obtain the
partition function on a N3σ ×Nτ lattice
Z =
∫ ∏
n,µ
dUµ(n) e
−SQCD (7)
with
SQCD =
{
−βSG(U) +
nf
4
Tr lnKKS(U,mq)
}
. (8)
and nf as the number of quark flavors. Expanding
Tr lnK = −
∑
l
κl
l TrM
l with K = 1 − κM and
κ = 1/2mq one can show that for heavy quarks
and Nτ=4
SF =
nf
m4q
∑
n
(
L(n) + L†(n)
)
+O(κ6), (9)
i.e. the quark mass enters the action with m−4q .
The order parameters of the QCD phase transi-
tions are the Polyakov loop
〈L〉=N−3σ
〈∑
n
Tr
Nτ∏
n4=1
Uτˆ (n, n4)
〉
(10)
in the limit mq → ∞ for the deconfinement tran-
sition and the chiral condensate
〈ψ¯ψ〉=
nf
4N3σNτ
〈
TrK−1
〉
(11)
in the limit mq → 0 for the chiral transition.
4. The Simulation Parameters
For the Potts model we used the Wolff cluster
algorithm with a ghost spin in order to implement
the external field and to simulate on lattices of size
V =403− 703. We define a new configuration after
1000 configurations to get autocorrelations of the
energy E between 7 and 25 close to the pseudo
critical points. We simulate at 3 to 4 different β-
values for every h and perform 10000 updates at
each (β, h)-pair of couplings. In the analysis of the
data we make use of the Multihistogram-Method
[7] to interpolate between β and h values.
The QCD simulations are performed with the
Hybrid R algorithm. We used lattices of size
83 × 4, 123 × 4, 163 × 4 and for the heavy quark
regime an additional size of 243 × 4. We simu-
lated with three mass degenerate quark flavors of
masses mqa=0.03, 0.0325, 0.035, 0.04 close to the
chiral and two mass degenerate quark flavors of
mqa= 1.5, 1.7, 1.8, 2.0 close to the deconfinement
transition. For 3-4 different β-values per mass pa-
rameter we perform (1− 3)/(3− 7)× 104 updates
at small/large bare quark masses. In the analysis
a reweighting in the β-direction has been used.
5. Constructing the Scaling Fields
In order to construct observables for the Potts
model which are more sensitive to the universality
class of the endpoint we make the assumption
M =M + sE, E = E + rM (12)
2
and rewrite the Hamiltonian in terms of these new
fields
H=−τE − ξM (13)
where the new couplings are given by
ξ =
1
1− rs
(h− rβ), τ =
1
1− rs
(β − sh). (14)
Identifying τ with the direction of the pseudocrit-
ical line at the endpoint and demanding that the
energy-like fluctuations and those of the ordering
field are uncorrelated we fix the parameter r and s
by
r−1 =
dβc(h)
dh
∣∣∣∣
h=hc
, 〈δMδE〉 = 0 (15)
where δX ≡ X − 〈X〉. In QCD we define analo-
gously for the light quarks
M = ψ¯ψ + sSG, E = SG + rψ¯ψ (16)
and similarly
M = L+ sSG, E = SG + rL (17)
for heavy quark masses. Rewriting the action
SQCD in terms of these variables is not possible,
but the new energy-like and ordering field-like
variables E andM define an effective Hamiltonian
Heff = τE + ξM (18)
which will control the universal behavior in the
vicinity of the critical points in QCD. We similarly
make a linear ansatz for the new couplings
τ = (β − βc) +A(h− hc), (19)
ξ = (h− hc) +B(β − βc) (20)
with h= m (m−4) for light (heavy) quark masses.
We use the constraints
0 =
∂〈M〉Heff
∂τ
∣∣∣∣
τ=ξ=0
= 〈δM δE〉SQCD (21)
and
B = −
∂hc(β)
∂β
∣∣∣∣
β=βc
(22)
to fix three of the four constants r,s and A,B.
Using a scaling ansatz rL = r∞+
c
L3 we found
for the Potts model r∞ = −0.690(2) ≈ −s. Thus
the transformation is just a rotation. In the case of
the QCD a size dependence of r and s is observed
but a quantitative scaling analysis was not feasible.
We therefore used results from the largest lattice.
Close to the endpoint we define for the chiral region
(s, r) = (0.41± 0.52, 0.550± 0.007) and for the de-
confinemt transition (s, r) = (0.67±2.48,−0.223±
0.043).
6. Locating the Endpoints
For a precise location of the critical points we
use the Binder cumulants
B3,L =
〈
(δM)3
〉
L
〈(δM)2〉
3/2
L
, B4,L =
〈
(δM)4
〉
L
〈(δM)2〉
2
L
. (23)
The cumulant B3,L should vanish for β=βpc and
the cumulant B4,L should take on a volume inde-
pendent value B4,c at the endpoint. This value is
1.602(2), 1.242(2) or 1.092(3) for the 3-dimensional
Ising, O(2) or O(4) universality classes, respec-
tively. We found for the Potts model [2] a value of
1.609(4)(10) at (0.54938(2),0.000775(10)) where
the first error is a statistical error and the sec-
ond one is due to uncertainties in locating the
endpoint. For the QCD we found [3] a value of
1.547(46) at (5.6756(5),1.74(4)) and 1.639(24) at
(5.1458(5),0.033(1)) in the heavy and light quark
mass regimes respectively (Fig.1). This strongly
suggest that all three endpoints fall in the Ising
universality class.
7. Joint Probability Distributions
With the finite size scaling ansatz [6] for joint
probability distributions of E andM
pL(E ,M) ∝ p˜EM
(
Λ+E δE ,Λ
+
MδM,ΛEτ,ΛMξ
)
(24)
with ΛE=aEL
1/ν ,ΛM=aML
d−β/ν and ΛMΛ
+
M=
ΛEΛ
+
E=V one obtains the universal function
3
pL(E ,M) ≡ Λ
+
E Λ
+
MpˆEM
(
Λ+E δE ,Λ
+
MδM
)
(25)
at ξ=τ=0 (Fig.2). Comparing these distributions
with those obtained for other universality classes
we again conclude that the endpoint belongs to the
Ising universality class.
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Fig. 1. B4,L of the Potts model (a) and for the QCD with
heavy (b) resp. light (c) quark masses.(Lines are drawn to
guide the eyes)
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Fig. 2. Histogram pˆEM of the Potts model (a) at the
endpoint and of the QCD with m = 1.8 (b), m = 0.325 (c)
close to the end points.
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